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Resumen
El presente trabajo muestra la propagación de 
ondas de interfaz de Scholte en la frontera de un 
PHGLRDF~VWLFRÀXLGRHQFRQWDFWRFRQXQPHGLR
sólido elástico, para una gama amplia de mate-
riales sólidos. Se ha demostrado que mediante 
XQ DQiOLVLV GH RQGDV GLIUDFWDGDV HQ XQ ÀXLGR
es posible inferir las propiedades mecánicas del 
PHGLRVyOLGRHOiVWLFRHVSHFt¿FDPHQWHVXVYHOR-
FLGDGHVGHSURSDJDFLyQ&RQHVWH¿QHOFDPSR
difractado de presiones y desplazamientos, de-
ELGRDXQDRQGDGHSUHVLyQ LQLFLDOHQHOÀXLGR
son expresados empleando representaciones 
integrales de frontera, las cuales satisfacen la 
HFXDFLyQGHPRYLPLHQWR/D IXHQWHHQHOÀXLGR
es representada por una función de Hankel de 
VHJXQGD HVSHFLH \ RUGHQ FHUR /D VROXFLyQ D
este problema de propagación de onda es obteni-
da por medio del Método Indirecto de Elementos 
)URQWHUDHOFXDOHVHTXLYDOHQWHDOELHQFRQRFLGR
WHRUHPDGHUHSUHVHQWDFLyQGH6RPLJOLDQD/DYD-
OLGDFLyQGHORVUHVXOWDGRVVHOOHYDDFDERXVDQGR
el Método del Número de Onda Discreto y el Mé-
todo de Elementos Espectrales. Primeramente, 
presentamos espectros de presiones que ilustran 
HOFRPSRUWDPLHQWRGHOÀXLGRSDUDFDGDPDWHULDO
sólido considerado, después, mediante la apli-
cación de la Transformada Rápida de Fourier se 
presentan resultados en el dominio del tiempo, 
mediante simulaciones numéricas que muestran 
la emergencia de las ondas de Scholte.
3DODEUDV FODYH propagación de ondas, interfa-
VHVÀXLGDVVyOLGDVRQGDVGH6FKROWHHOHPHQWRV
frontera, ondas de interfaz, Funciones de Green.
Abstract
The present work shows the propagation of 
6FKROWHLQWHUIDFHZDYHVDWWKHERXQGDU\RIDÀXLG
in contact with an elastic solid, for a broad range 
of solid materials. It has been demonstrated that 
E\DQDQDO\VLVRIGLIIUDFWHGZDYHVLQDÀXLGLWLV
possible to infer the mechanical properties of the 
HODVWLFVROLGPHGLXPVSHFL¿FDOO\LWVSURSDJDWLRQ
YHORFLWLHV )RU WKLV SXUSRVH WKH GLIIUDFWHGZDYH
¿HOGRISUHVVXUHVDQGGLVSODFHPHQWVGXH WRDQ
LQLWLDOZDYHRISUHVVXUHLQWKHÀXLGDUHH[SUHVVHG
using boundary integral representations, which 
satisfy the equation of motion. The source in 
WKH ÀXLG LV UHSUHVHQWHG E\ D +DQNHO¶V IXQFWLRQ
of second kind and zero order. The solution to 
WKLV ZDYH SURSDJDWLRQ SUREOHP LV REWDLQHG E\
means of the Indirect Boundary Element Method, 
ZKLFKLVHTXLYDOHQWWRWKHZHOONQRZQ6RPLJOLDQD
UHSUHVHQWDWLRQ WKHRUHP 7KH YDOLGDWLRQ RI WKH
results is carried out by using the Discrete 
:DYH1XPEHU0HWKRGDQGWKH6SHFWUDO(OHPHQW
Method. Firstly, we show spectra of pressures 
WKDW LOOXVWUDWH WKHEHKDYLRURI WKHÀXLG IRUHDFK
solid material considered, then, we apply the 
Fast Fourier Transform to show results in time 
domain. Snapshots to exemplify the emergence 
RI6FKROWH¶VZDYHVDUHDOVRLQFOXGHG
.H\ZRUGVZDYHSURSDJDWLRQÀXLGVROLGLQWHU-
IDFH 6FKROWH¶VZDYHV ERXQGDU\ HOHPHQWV LQ-
WHUIDFHZDYHV*UHHQVIXQFWLRQV
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Introduction
7KH VWXG\ RI ZDYHV WKDW SURSDJDWH LQ WKH
LQWHUIDFHRIDÀXLGPHGLXPDQGDQHODVWLFVROLG
has its origins in the pioneering work of J. G. 
6FKROWH  DQG  DQG WKHUHIRUH WKLV
NLQG RI ZDYHV DUH NQRZQ DV 6FKROWH ZDYHV
7KLV LQWHUIDFH ZDYH LV RQH RI WKH WKUHH EDVLF
W\SHV RI LQWHUIDFHZDYHV SUHVHQWHG LQ LVRWURSLF
PHGLD VKDULQJ WKLV FODVVL¿FDWLRQZLWK 5D\OHLJK
DQG 6WRQHOH\ ZDYHV IRU LQWHUIDFHV EHWZHHQ
YDFXXPVROLGDQGVROLGVROLGPHGLDUHVSHFWLYHO\
5D\OHLJK6WRQHOH\
)RULQWHUIDFHZDYHVWKHFRQFHQWUDWHGHQHUJ\LV
located at the interface and decreases exponentially 
ZLWKGHSWK+RZHYHUHQHUJ\GHFUHPHQWUDWHYHUVXV
distance is less than for compressional and shear 
ZDYHV0HHJDQHWDO7KLVFRQFHQWUDWLRQRI
energy has enormous implications in some areas 
of physics and engineering. For example, Rayleigh 
ZDYHV DUH H[WHQVLYHO\ VWXGLHG LQ WKH HDUWKTXDNH
engineering and seismology due to their catastrophic 
effects during strong seismic motions. 
Some other applications for particular cases 
KDYHEHHQUHSRUWHGE\%LRW(ZLQJHWDO 
 <RVKLGD D E WKH\ IRFXVHG
mainly on the understanding of the interface 
ZDYHV DW WKH RFHDQ ERWWRP 6SHFL¿F IHDWXUHV
DERXW ZDYH SURSDJDWLRQ DW LQWHUIDFHV VXFK DV
DWWHQXDWLRQOD\HUHGPHGLXPEHKDYLRUSRURVLW\
HWFKDYHEHHQVWXGLHGE\0D\HVHWDO
Nayfeh HW DO  (ULNVVRQ HW DO 
Wang HWDODQG*XUHYLFKHWDO
,QWKH¿HOGRIQXPHULFDOPHWKRGVIRUVWXG\LQJ
WKLVSKHQRPHQRQYDULRXVIRUPXODWLRQVGHVLJQHG
WR PRGHO FRPSOH[ LQWHUIDFH FRQ¿JXUDWLRQV DQG
PRUHUHDOLVWLFFDVHVKDYHEHHQGHYHORSHG6RPH
RIWKHVHLQFOXGH)LQLWH(OHPHQW=LHQNLHZLF]et 
DO  )LQLWH'LIIHUHQFH YDQ9RVVHQHW DO, 
7KRPDVHWDO%RXQGDU\(OHPHQW
(Godinho HW DO  $QWyQLR HW DO 
Rodríguez-Castellanos HWDO6SHFWUDODQG
pseudo Spectral Element Methods (Komatitsch 
DQG %DUQHV  &DUFLRQH DQG +HOOH 
and Carcione HWDODPRQJRWKHUV
In this paper we extend the use of the 
,QGLUHFW %RXQGDU\ (OHPHQW 0HWKRG ,%(0 WR
study interfaces of water in contact with a wide 
range of solid materials, frequently used in 
engineering. Here, the emergence of interface 
ZDYHVLVSRLQWHGRXW7KLVQXPHULFDOWHFKQLTXHLV
based on an integral representation of the stress, 
SUHVVXUH DQG GLVSODFHPHQW ZDYH ¿HOGV ZKLFK
can be considered as a numerical implementation 
RI WKH+X\JHQV¶VSULQFLSOHZKLFK LVHTXLYDOHQW
PDWKHPDWLFDOO\ VSHDNLQJ WR WKH 6RPLJOLDQD¶V
representation theorem.
The results are expressed in both time and 
frequency domains. The materials considered 
LQ WKH DQDO\VLV FKDUDFWHUL]HG E\ WKHLU ZDYH
YHORFLWLHVDQGGHQVLWLHVUHSUHVHQWDZLGHUDQJH
of materials used in engineering. In the following, 
WKHPDLQ HTXDWLRQV XVHG WR GHYHORS WKH ,%(0
DQG WKH'LVFUHWH:DYH1XPEHU0HWKRG ':1
are summarized. Results from both formulations 
match satisfactorily.
Brief description of the indirect boundary 
element method
(TXDWLRQ RI PRWLRQ DQG LQFLGHQW ¿HOGV RI
SUHVVXUHVDQGGLVSODFHPHQWV
,IZHDVVXPHWKDW WKHHTXDWLRQ WKDWJRYHUQV WKH
ZDYHSURSDJDWLRQLQWKHÀXLGLVJLYHQE\WKHZHOO
NQRZQHTXDWLRQRIPRWLRQWKHQ
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:KHUHWF GHQVLW\RIWKHÀXLG,IZHFRQVLGHUWKDW VWUHVVHV LQ WKH ÀXLG DUH UHODWHG WR WKH
pressure generated by the incident pulse, 
subsequently, one can express this last equation 
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7KHUHIRUHWKHGLVSODFHPHQW¿HOGLQWKHÀXLG
FDQEHUHSUHVHQWHGE\LWVZHOONQRZQIRUP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7KH LQFLGHQWSXOVHDW WKHÀXLG DV VKRZQ LQ
)LJDLQVHWFDQEHJLYHQDV
p C H r c
F F0
0
2
x( )= ( ) ( )( )ω ω
where p0F(x)=LQFLGHQW SXOVH DW WKH ÀXLG
x={ }x x1 3, ,C(\)=scale factor for the incident 
pulse,H0
2( ) •( )=Hankel function of second 
kind and zero order, \=circular frequency, 
cF FRPSUHVVLRQDOZDYHYHORFLW\LQWKHÀXLGDQG
r=r(x) LV WKH GLVWDQFH IURP WKH UHFHLYHU WR WKH
source.
,QWHJUDOUHSUHVHQWDWLRQIRUGLIIUDFWHGZDYH¿HOGV
7R UHSUHVHQW WKH GLIIUDFWHG ZDYH ¿HOGV IRU
SUHVVXUHVDQGGLVSODFHPHQWVLQWKHÀXLGGXHWR
the incident pulse impacting the solid medium 
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HODVWLF VROLG ZDOO ZH VXJJHVW WKH IROORZLQJ
LQWHJUDOUHSUHVHQWDWLRQV
 p G dSd F
F
F ( ) ( , ) ( )x x=
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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where,
 G i
H r cF Fx,ξ ρω ω( ) = ( )( )2 024   
Ψ ( )=IRUFH GHQVLW\ IRU WKH ÀXLG GF •( )= 
*UHHQ IXQFWLRQ IRU WKHÀXLGDQGc
1
GH¿QHV WKH
UHJLRQ RULHQWDWLRQ DQG FDQ DVVXPH D YDOXH RI
  RU  VHH H[SODQDWLRQ IRU c
2
 JLYHQ
EHORZ
7KHZKROHSUHVVXUHDQGGLVSODFHPHQW¿HOGVLQ
WKHÀXLGEHVLGHVIUHHDQGGLIIUDFWHGRQHFDQEH
H[SUHVVHGUHVSHFWLYHO\E\
 p p p
F dF Fx x x( )= ( )+ ( )0 ,  
 u u un
F
n n
dF Fx x x( )= ( )+ ( )0 .  
6LQFHWKHVRXUFHLVRQO\DSSOLHGWRWKHÀXLG
it is expected that, in the solid, only diffracted 
ZDYHVZLOO DSSHDUDQG WKH\ FDQEHHVWDEOLVKHG
as follows.
Consider a domain V, bounded by the surface 
S. If this domain is occupied by an elastic 
PDWHULDOWKHGLVSODFHPHQW¿HOGXQGHUKDUPRQLF
excitation can be written, neglecting body forces, 
by means of the single-layer boundary integral 
HTXDWLRQDVIROORZV
 
u G dSi
d
ij jS
x x( )= ( ) ( )
∂∫ ,ξ ξ ξφ ,  
where u
i
(x)=i-th component of the displacement 
at point x, Gij(x;  *UHHQ¶VIXQFWLRQZKLFKLV
the displacement produced in the direction i at x 
due to the application of a unit force in direction 
j at point  , K is the force density in direction j 
at point   (the subscripts i, j are restricted to be 
RUDQGWKHVXPPDWLRQFRQYHQWLRQLVDSSOLHG
LHDUHSHDWHGVXEVFULSWLPSOLHVVXPPDWLRQRYHU
LWV UDQJH  DQG  LQ WKLV FDVH 7KLV LQWHJUDO
UHSUHVHQWDWLRQFDQEHREWDLQHGIURP6RPLJOLDQD¶V
LGHQWLW\6iQFKH]6HVPD
This integral representation allows the 
calculation of stresses and tractions by means 
RI WKH GLUHFW DSSOLFDWLRQ RI +RRNH¶V ODZ DQG
&DXFK\¶V HTXDWLRQ UHVSHFWLYHO\ H[FHSW DW
boundary singularities, that is, when x is equal 
to   on surface S. From a limiting process based 
on equilibrium considerations around an internal 
neighborhood of the boundary, it is possible to 
write, for x on S,
t c T dSi
d
i ijS j
x x x( )= ( )+ ( ) ( )
∂∫2 ξ ξ ξ,φ φ ,

where t
i
(x) is the i-th component of traction, 
c
2
 LIx tends to the boundary S “from inside” 
the region, c
2
 LIx tends S “from outside” the 
region, or c
2
 LIx is not at S. T
ij
(x LVthe traction 
*UHHQ¶V IXQFWLRQ WKDW LV WR VD\ WKH WUDFWLRQ LQ
the direction i at a point x, associated to the unit 
YHFWRUni(xGXHWRWKHDSSOLFDWLRQRIDXQLWIRUFH
in the direction j at   on S. The two-dimensional 
*UHHQ¶VIXQFWLRQVIRUDQXQERXQGHGVSDFHFDQEH
found in (Rodríguez-Castellanos HWDODQG
ÈYLOD&DUUHUDHWDO
Boundary Conditions
,Q WKH ,%(0 LV FRQYHQLHQW WRGLYLGH WKHGRPDLQ
into two regions (S for the solid and F for the 
ÀXLG LQZKLFKSURSHUERXQGDU\FRQGLWLRQV WKDW
UHSUHVHQWWKHSUREOHPXQGHUFRQVLGHUDWLRQKDYH
to be established. These boundary conditions for 
ÀXLGVROLGLQWHUIDFHVFDQEHH[SUHVVHGDV
u u S FS F3 3x x x( )= ( ) ∀ ∈∂ = ∂, ,

t SS1 0x x( )= ∀ ∈∂, ,

t p SS F3 x x x( )=− ( ) ∀ ∈∂, .

:ULWLQJ WKH ERXQGDU\ FRQGLWLRQ  DV
IXQFWLRQRIWKHGLIIUDFWHG¿HOGIRUWKHVROLG
DQGLQFLGHQWDQGGLIIUDFWHG¿HOGVIRUWKH
ÀXLGZHREWDLQ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7KH FRQGLWLRQ WUDFWLRQ IUHH  FDQ EH
H[SUHVVHGIURPWKHLQWHJUDOIRUP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7KHERXQGDU\FRQGLWLRQFDQEHZULWWHQE\
PHDQVRIDQGDQGWKHQZHKDYH
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'LVFUHWL]DWLRQVFKHPH
In this section, we show the discretization of the 
(TVWR$VVXPLQJWKDWIRUFHGHQVLWLHV
K(x) and >(x) should be constant on each ele-
ment that forms the surfaces of regions S and F, 
UHVSHFWLYHO\ DQG*DXVVLDQ LQWHJUDWLRQ RU DQD-
O\WLFDO LQWHJUDWLRQ ZKHUH WKH *UHHQ¶V IXQFWLRQ
LVVLQJXODULVSHUIRUPHGWKHQ(TFDQEH
written as,
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FDQEHH[SUHVVHGDV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g G dSF l n
F
l nSn
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
(TV   DQG  IRUP D V\VWHP RI
LQWHJUDO HTXDWLRQV WKDW KDV WR EH VROYHG DQG
therefore, force densities K(x) and >(x) can be 
IRXQG2QFH WKH IRUFHGHQVLWLHV KDYHEHHQRE-
tained, the whole displacement and pressure 
¿HOGVLQWKHÀXLGFDQEHIRXQGE\PHDQVRI(TV
DQG)RUWKHVROLGWKHHQWLUHWUDFWLRQDQG
GLVSODFHPHQW¿HOGVFDQEHREWDLQHGE\PHDQVRI
(TVDQG
Brief description of the formulation by 
means of the discrete wave number
7KHGLVFUHWHZDYHQXPEHUPHWKRGLVRQHRIWKH
techniques to simulate earthquake ground mo-
WLRQV7KHVHLVPLFZDYHUDGLDWHGIURPDVRXUFH
LV H[SUHVVHG DV D ZDYHQXPEHU LQWHJUDWLRQ
%RXFKRQDQG$NL7KHPDLQLGHDRIWKH
method is to represent a source as a superposi-
WLRQRIKRPRJHQRXVSODQHZDYHVSURSDJDWLQJLQ
GLVFUHWHDQJOHV$V ORQJDVWKHPHGLXPKDVQR
inelastic damping, the denominator of the inte-
JUDQGEHFRPHV]HUR IRUDSDUWLFXODUZDYHQXP-
ber and, consequently, the numerical integration 
EHFRPHV LPSRVVLEOH 7R VROYH WKLV SUREOHP D
method to incorporate a complex frequency was 
proposed as early as the proposal of the discrete 
ZDYHQXPEHU PHWKRG LWVHOI %RXFKRQ DQG $NL

7KH LQFLGHQW SXOVH LQ WKH ÀXLG DV VKRZQ LQ
)LJDLQVHWFDQEHJLYHQDV

where,
k WKH ZDYHQXPEHU η ω η= −
2
2
2 < 0
c
kF  with Im . If 
we express k LQ GLVFUHWH YDOXHV WKHQ ZH KDYH
k n k
c
kn n F n n= = −  and   withη
ω
η
2
2 < 0Im2
.
,IZHDVVXPHWKDWWKHZKROHSUHVVXUH¿HOGLQ
WKHÀXLGLVUHSUHVHQWHGDVWKHVXPRIIUHH¿HOG
and diffracted one, then, it can be expressed, 
UHVSHFWLYHO\E\
GEOFÍSICA INTERNACIONAL
JANUARY - MARCH 2013      
Table 1.0DWHULDOSURSHUWLHVXVHGDVYDOLGDWLRQ
and numerical examples.
Model     cp     cs U
  (m s PV NJP
:DWHU3LWFK   
:DWHU*UDQLWH   
:DWHU,URQ   
:DWHU/LPHVWRQH   
:DWHU6DQGVWRQH   
:DWHU3ODVWHU   
of Paris
:DWHUIRU   
all models
&RPSUHVVLRQDOZDYHYHORFLW\FpVKHDUZDYHYHORFLW\Fs, and mass density, U, were included LQ 7DEOH  7KHVH PDWHULDOV ZHUH SUHYLRXVO\
FRQVLGHUHG E\ %RUHMNR %RUHMNR  ZKR
GHYHORSHG WKHRUHWLFDO DQG H[SHULPHQWDO
techniques to show the emergence of interface 
ZDYHVLQVHYHUDOPDWHULDOVOLNHWKRVHIURP7DEOH
+LVUHVXOWVVKRZHGJRRGDJUHHPHQWEHWZHHQ
theoretical and experimental results.
)LJXUHVKRZVWKHSUHVVXUHVSHFWUDIRUWKHVL[
PRGHOVDQDO\]HGIRUZKLFKWKHZDYHSURSDJDWLRQ
YHORFLWLHVDQGGHQVLWLHVDUHGLVSOD\HGLQ7DEOH
)RU DOO FDVHV WKH LQLWLDO SUHVVXUH VRXUFHZDV
JHQHUDWHG DW D GLVWDQFH RI  P VHH LQVHW
LQ )LJD IURP WKH HODVWLF VROLG ERXQGDU\ 7KH
UHFHLYHULVSODFHGDWDKRUL]RQWDOGLVWDQFHRI
m from the source (as shown in the detail of Fig. 
D7KHIUHTXHQF\DQDO\VLVLVGRQHFRQVLGHULQJ
DIUHTXHQF\LQFUHPHQWRI+]DQGUHDFKLQJD
PD[LPXPRI+]7KHGLVFUHWL]HGVXUIDFH
is located between x  P DQG [  PZLWKLQ WKLV LQWHUYDO VSXULRXV ZDYHV LQVLGH WKH
]RQH RI LQWHUHVW ZHUH HOLPLQDWHG 0RUHRYHU 
ERXQGDU\HOHPHQWVSHU6ZDYHZDYHOHQJWKZHUH
considered.
,Q WKLV ¿JXUH WKH UHVXOWV REWDLQHG E\ WKH
,%(0GRWWHGOLQHDQGE\':1FRQWLQXRXVOLQH
are displayed. There is an excellent agreement 
between the two methods for the frequency range 
studied. It can also be seen that for the models 
of Water-Pitch and Water-Sandstone, resonant 
HIIHFWV DUH VOLJKWO\ PDQLIHVWHG +RZHYHU LQ
ERWKFDVHVIURPWKHIUHTXHQF\RI+]WKH
FXUYHVGHVFULEHDSHUIRUPDQFHDOPRVW LGHQWLFDO
DQG EHFRPH DV\PSWRWLF 7KLV EHKDYLRU FDQ EH
DWWULEXWHGGXHWRWKHIDFWWKDWWKHLUVKHDUZDYH
YHORFLWLHV DUH OHVVHU WKDQ WKH FRPSUHVVLRQDO
ZDYHYHORFLW\IRUWKHÀXLG

and

For the solid, we assume that 
potential of displacement has the form 
 and ,
γ ω
α
γn n nk= −
2
2
2 0 with Im 〈    · F and G are the compres-
VLRQDODQGVKHDUZDYHYHORFLWLHVUHVSHFWLYHO\
7KHGLVSODFHPHQW¿HOGIRUWKHVROLGFDQEHH[-
pressed as 
u
x x
=
∂
∂
−
∂
∂
ψ
1 3  and 
w
x x
=
∂
∂
+
∂
∂
ψ
3 1 . 7KH VWUHVV ¿HOG LV REWDLQHG E\ WKHZHOONQRZQ
HTXDWLRQ
 Xij(x)=QJkkIijRJij 
where Xij(x)=stress tensor, Q and RDUHWKH/DPp¶V
constants, Jij=strain tensor and Iij .URQHFNHU¶V
delta.
The boundary conditions to be applied are 
UHSUHVHQWHG E\ (TV  WR  2QFH WKH
ERXQGDU\ FRQGLWLRQV KDYH EHHQ DSSOLHG WKH
XQNQRZQFRHI¿FLHQWVAn, Bn and Cn are obtained DQGWKHZKROHSUHVVXUH¿HOGLQWKHÀXLGLV¿QDOO\
GHWHUPLQHGE\PHDQVRIWKH(T
Testing and numerical examples
To test the accuracy of our formulation, we 
VHOHFWHG VHYHUDO LQWHUIDFH FDVHV FRQVLGHULQJ
D EURDG UDQJH RI SURSHUWLHV VRIW WR KDUG RI
VROLG PDWHULDOV FKDUDFWHUL]HG E\ WKHLU ZDYH
SURSDJDWLRQYHORFLWLHVDQGGHQVLWLHV7KHPDWHULDO
properties that were used in the calculations are 
VKRZQLQ7DEOHZKHUHVL[FDVHVDUHSUHVHQWHG
M. Carbajal-Romero,HWDO
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)RU DOO RWKHU PRGHOV )LJXUHV E F G I
the spectrum of pressure shows a simple and 
PRQRWRQRXV EHKDYLRU GHVFULELQJ RVFLOODWLRQV RI
VPDOOVFDOHLQHYHU\FDVH2QHFDQQRWLFHWKDWIRU
WKH)LJXUHDDQGHWKHSUHVVXUHVUHJLVWHUHGDUH
DOPRVWQHJOLJLEOHDIWHU+]
)LJXUHVDDQGEVKRZWKHWLPHUHVSRQVHIRU
WKH FRPSOHWH ':DWHU3LWFK LQWHUIDFHPRGHO
)RU WKLV DQDO\VLV D JULG RI  [  UHFHLYHUV
VSDFHGXVLQJDGLVWDQFHLQFUHPHQWRIPLV
XVHG&ROXPQDVKRZVWKHUHVXOWVRISUHVVXUH
LQWKHÀXLGDQGGLVSODFHPHQWVLQWKH[1 direction IRUWKHVROLGZKLOHFROXPQEVKRZVSUHVVXUHV
LQWKHÀXLGDQGGLVSODFHPHQWVLQWKH[3 direction 
for the solid. This phenomenon is shown for 
three different times.
)RU WKH WLPH W  V WKH LQLWLDOZDYH
of pressure has hit the solid boundary and a 
UHÀHFWHGZDYHLQWKHÀXLGDQGGLIIUDFWHGZDYHVLQ
the solid can be seen, generating the emergence 
of P and SZDYHIURQWV)RUWKHWLPHW 
VWKHDERYHPHQWLRQHGZDYHVJRDZD\IURPWKH
VRXUFH ZKLOH WKH SUHVHQFH RI LQWHUIDFH ZDYHV
LVFOHDUO\HYLGHQWWRWKLV LQVWDQW7KHVHDUHWKH
6FKROWH¶VZDYHVDQGDUHKLJKOLJKWHGXVLQJFLUFOHV
LQ)LJXUHVDDQGE)RUWKHWLPHt V
WKHSURSDJDWLRQRILQWHUIDFHZDYHVLVYHU\YLVLEOH
and shows a delay with respect to the P and S 
ZDYHIURQWVLQWKHVROLG6FKROWH¶VZDYHVIRUWKLV
FDVHSURSDJDWHVZLWKDYHORFLW\RIPV.
)LJXUHVFLQFOXGHVV\QWKHWLFVHLVPRJUDPVRI
SUHVVXUHVWRS¿JXUH[1 horizontal displacement PLGGOH ¿JXUH DQG [3 YHUWLFDO GLVSODFHPHQWERWWRP¿JXUHIRUVHYHQUHFHLYHUVORFDWHGQHDU
WR WKH LQWHUIDFH7KH¿UVWUHFHLYHU LV ORFDWHGDW
DKRUL]RQWDOGLVWDQFHRIPIURPWKHVRXUFH
DQGWKHRWKHUVDUHVHSDUDWHGHYHU\P
In the seismogram of pressures, the last 
ZDYHIURQWFRUUHVSRQGVWRWKH6FKROWH¶VZDYHV
which clearly carry the most of interface energy, 
as expected. The same effect can be seen in the 
FDVHRIGLVSODFHPHQWVHLVPRJUDPV,WLVUHOHYDQW
Figure 1.3UHVVXUHVSHFWUDIRUVL[LQWHUIDFHPDWHULDOVVKRZQLQ7DEOH7KHUHFHLYHULVORFDWHGDWD PDQG
E P5HVXOWVREWDLQHGE\,%(0DUHSORWWHGXVLQJGRWWHGOLQHVZKLOHWKRVHREWDLQHGE\PHDQVRI':1DUHGUDZQ
with continuous lines.
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Figure 2. 6QDSVKRWVE\,%(0IRUWKHFRPSOHWH':DWHU3LWFKLQWHUIDFHPRGHO$JULGRI[UHFHLYHUVVSDFHG
HYHU\PLVXVHG&ROXPQDVKRZVWKHUHVXOWVRISUHVVXUHVLQWKHÀXLGDQGGLVSODFHPHQWVLQWKH[GLUHFWLRQIRU
WKHVROLGZKLOHFROXPQEVKRZVSUHVVXUHVLQWKHÀXLGDQGGLVSODFHPHQWVLQWKH[GLUHFWLRQIRUWKHVROLG&ROXPQF
GLVSOD\VV\QWKHWLFVHLVPRJUDPVRISUHVVXUHVWRS¿JXUHDQGGLVSODFHPHQWV[DQG[GLUHFWLRQVUHVSHFWLYHO\PLGGOH
DQGERWWRP¿JXUHV
Figure 3. Pressure synthetic seismograms registered 
E\WKHUHFHLYHUORFDWHGDVVKRZQLQ)LJDLQVHWIRU
PDWHULDOVGHWDLOHGLQ7DEOH$UULYDORI3DQG6FKROWH¶V
ZDYHIURQWVDUHDOVRKLJKOLJKWHG6WDUVLQGLFDWHDUULYDO
WLPHVIRU6FKROWH¶VZDYHIURQWVREWDLQHGE\6WULFNDQG
Ginzbarg, and Strick HWDO
M. Carbajal-Romero,HWDO
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to note that for the [3 direction displacement 
amplitudes are larger than those for the [1 GLUHFWLRQ7KLVFDQDOVREHVHHQLQ)LJXUHVDDQG
EPLGGOHDQGERWWRP
)LJXUHGLVSOD\VUHVXOWVLQWLPHGRPDLQIRUWKH
PDWHULDOVVKRZQLQ7DEOH7KHPDWHULDOWDJJHG
with “ * “ was added for comparison with regard 
to the results published by Strick and Ginzbarg, 
and Strick HW DO 6WULFN DQG *LQ]EDUJ 
6WULFNHWDO7KHSURSHUWLHVIRUWKLVPDWHULDO
6DQGVWRQHLQ)LJDUHFp PV, cs 
m sDQGGHQVLW\RINJP. The location of 
WKHUHFHLYHULVLOOXVWUDWHGLQ)LJXUHDIRUDOOWKH
FDVHV6\QWKHWLFVHLVPRJUDPVLQWKLV¿JXUHZHUH
SODFHG FRQVLGHULQJ WKH VKHDU ZDYH YHORFLW\ RI
each material. The highest speed corresponds to 
Steel (cs PVDQGWKHORZHVWWR3LWFKFs= PV7KHWLPHLVQRUPDOL]HGZLWKUHJDUG
WRWKHFRPSUHVVLRQDOZDYHYHORFLW\Fp PV YHORFLW\RIZDWHUDQGr1, which is the distance IURPWKH LPDJHVRXUFHDQGWKHUHFHLYHU,QWKLV
¿JXUHSUHVVXUHVUHJLVWHUHGE\WKHUHFHLYHUIRU
HDFKPDWHULDODUHSORWWHG
7KH SUHVVXUH ZDYHV GLIIUDFWHG E\ ULJLG
LQWHUIDFHV DV *UDQLWH DQG 6WHHO VKRZ KLJKHU
YDOXHV Zhile, those diffracted by less rigid 
interfaces, like Sandstone and Pitch, show lower 
YDOXHV$GGLWLRQDOO\IRUWKHVHODVWWZRFDVHVWKH
ZDYHIURQWVWHQGWREHOHVVQRWLFHDEOH$UULYDOVRI 
PDQG6FKROWH¶VZDYHIURQWVDUHLQGLFDWHGXVLQJ
dashed-dot lines.
)RU FRPSDUDWLYH SXUSRVHV 6FKROWH¶V ZDYH
front obtained by Strick and Ginzbarg, and Strick 
HWDOLVDOVRLQFOXGHG7KLVLVUHSUHVHQWHG
ZLWK VWDUV LQ WKH ¿JXUH JRRG DJUHHPHQW
EHWZHHQWKHUHVXOWVLVREVHUYHG,WLVFOHDUWKDW
WKH6FKROWH¶VZDYHLVHYLGHQWIURPWKH/LPHVWRQH
DQGPDQLIHVWVDVLJQL¿FDQWGHOD\IRUWKH3LWFK
Finally, a sinusoidal interface is considered. 
)LJXUHDVKRZVWKHPRGHOXVHGWRGHDOZLWKWKLV
JHRPHWU\0DWHULDOSURSHUWLHVIRUWKLVFDVHDUHIRU
the elastic medium Fp PV, Fs PV and W PV, while for the acoustic one Fp 
ms and W NJP. The source time function 
LV D 5LFNHU ZDYHOHW ZLWK D GRPLQDQW IUHTXHQF\
RI+] 7KH VRXUFHDQG UHFHLYHU ORFDWLRQVDUH
GHSLFWHGLQ)LJXUHD6\QWKHWLFVHLVPRJUDPVDUH
VKRZQLQ)LJXUHEDQGFIRUYHUWLFDODQGKRUL]RQWDO
GLVSODFHPHQWVUHVSHFWLYHO\5HVXOWVE\,%(0DUH
plotted with a dotted line, while those obtained 
by means of the Spectral Element Method (SEM, 
Komatitsch HW DO  DUH GUDZQZLWK D VROLG
line. The agreement between both methods is 
JRRG +HUH WKH GLUHFW ZDYH LV FOHDUO\ REVHUYHG
VLQFHWKHVRXUFHSRLQWDQGWKHUHFHLYHUDUHYHU\
FORVHWRHDFKRWKHU0RUHRYHUPXOWLSOHUHÀHFWLRQV
are presented because of the interactions between 
WKH GLUHFWZDYH DQG WKH VLQXVRLGDO LQWHUIDFH DV
H[SHFWHG WKLV HIIHFW LV FOHDUO\ VHHQ LQ )LJXUH
E DQG F 7KH SRVVLELOLW\ RI PRGHOLQJ DUELWUDU\
LQWHUIDFH VKDSHV LV RQH RI WKHPDLQ DGYDQWDJHV
RI WKH ,%(0 $GGLWLRQDOO\ DQRWKHU DGYDQWDJH RI
WKLVPHWKRGUHOLHVRQWKHXVHRI*UHHQVIXQFWLRQV
IRUXQERXQGHGVSDFHZKLFKKDYHDVLPSOHIRUP
and can be easily programmed. The use of these 
IXQFWLRQVKDVSURYLGHGDFFXUDWHQXPHULFDOUHVXOWV
Conclusions
In this paper we extended the use of the Indirect 
Boundary Element Method to study the propaga-
WLRQRI HODVWLFZDYHV LQÀXLGVROLG LQWHUIDFHV ,Q
WKLVQXPHULFDOWHFKQLTXHEDVHGRQWKH+X\JHQV¶
SULQFLSOHDQGWKH6RPLJOLDQD¶VUHSUHVHQWDWLRQWKH-
RUHPWKH¿HOGVRISUHVVXUHVDQGGLVSODFHPHQWV
are expressed in terms of single layer boundary 
LQWHJUDO HTXDWLRQV )XOO VSDFH *UHHQ¶V IXQFWLRQV
for tractions and displacements are used, but 
they are forced to meet the proper boundary con-
GLWLRQVWKDWSUHYDLODWWKHÀXLGVROLGLQWHUIDFHV
Figure 4. D 0RGHO RI D VLQXVRLGDO LQWHUIDFH 6\QWKHWLF VHLVPRJUDPV E YHUWLFDO GLVSODFHPHQWV F KRUL]RQWDO
displacements. Results by IBEM are plotted with a dotted line, while those obtained by Komatitsch et alDUH
drawn with a solid line.
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$ZLGHUDQJHRIVROLGPDWHULDOVFKDUDFWHUL]HG
E\ WKHLU ZDYH YHORFLWLHV DQG GHQVLWLHV ZDV
DQDO\]HG ,Q HYHU\ FDVH WKH SUHVHQFH DQG
SURSDJDWLRQ RI 6FKROWH¶V ZDYHV LV QRWLFHG
highlighting the important amount of energy that 
they carry.
The results obtained from our numerical tech-
nique were compared with those obtained by 
the DWN and SEM. Therefore, we conclude that 
there is a good agreement between the different 
approaches studied. 
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